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Abstract Locomotion can be described as a subsequent series of stance
and flight phases. In both phases the leg properties can be adapted.
Here we consider spring-mass running with a linear adaptation of two leg
parameters, leg angle and leg stiffness, during swing phase. The region
of stability is characterized by the basin of attraction with sufficient
reduction of a given perturbation within one step.

The proposed swing-leg control predicts a substantial region of alter-
native swing leg adjustment rates. The resulting control redundancy in-
cludes different foot placement strategies which could be used to manage
landing impacts and running stability in one consistent approach.

1 Introduction

Due to its simplicity and its explanatory power, the spring-mass model is an
adequate mechanical template to describe bouncing gaits like running, jumping
or hopping. Here, the complex structure of a human leg is simplified by a linear
spring attached to a point mass representing the body’s center of mass [1].

For given system energy steady state locomotion can be described based on
three leg parameters: the angle of attack, the leg stiffness and the rest length
of the leg. For proper adjustments of these parameters and speeds higher than
3.5 m/s self-stable locomotion is found [2]. Here we ask, to what extent the region
of stable running can be enlarged (e.g. to include lower speeds) by adapting the
leg parameters during swing phase. It has been previously shown that running
at low speeds can be stabilized by employing leg retraction prior to contact [3].

In human and animal locomotion leg stiffness can be adjusted by the neuro-
muscular system. Similar adjustments of elastic properties have already been
implemented in technical legs [4]. In the present study we propose a linear stiff-
ness change of the leg during swing phase in addition to swing-leg retraction.
For periodic running (satisfying constant apex heights of two subsequent flight
phases) we consider combinations of constant leg stiffness and leg angle rates
that guarantee stable locomotion over a large range of speeds. The identified
combintions of both swing-leg control strategies can be used in legged robots
based on compliant leg behavior.
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Figure 1. The spring-mass model for running with two swing-leg control strategies:
leg rotation (left) and stiffness adaptation of the leg spring (right).

2 Methods

Model: The planar spring-mass model is characterized by alternating flight and
stance phases (Figure 1). The body is represented as a point mass which is,
during stance, influenced by gravity g and a force exerted by the leg spring
(stiffness kTD , rest length l0) attached. The equation of motion is

mr̈ = kTD

(
l0
|r|

− 1
)

r − mg, (1)

where r = (x, y) is the position of the center of mass. If the length of the massless
spring reaches its rest length, the system changes into flight phase and describes
a ballistic curve. Touch-down occurs if the landing condition y ≤ l0 sin(αTD) is
satisfied. Since the system is conservative and the ground is even the systems
state during flight can be fully described by the horizontal velocity vX and the
apex height yA , which is the upper point where the vertical velocity vY equals
zero. In this paper, we define the system energy E = m g yA+m/2 v2

X
by choosing

a reference velocity vX,REF and an apex height of yA = l0. The model parameters
are mass m = 80 kg, leg length l0 = 1 m, and gravitational acceleration g =
9.81 m/s2.

System analysis: The running system can be analyzed using a return map of
the state vector. A one-dimensional return map of two subsequent apex heights
yi+1(yi) can be used to describe the system’s stability. Periodic running requires
a solution where yi+1 = yi , indicating a fixed point y∗ in the apex return map.
Stability of the periodic movement can be identified using the slope s in the
neighborhood of the fixed point

s =
dyi+1

dyi

∣∣∣∣
y∗

, (2)

where the condition |s| < 1 must be fulfilled. A zero slope indicates superstable
running where small perturbations will be completely compensated after one
step. A stable fixed point has a basin of attraction which is limited (i) by an



apex-height yi+1 lower than the landing condition l0 sin(α), (ii) by potential
energy m g yi higher than the system energy E, and (iii) by a second fixed point.

To characterize how fast the system returns to the stable solution after per-
turation, we start the simulation at the perturbed apex yi = y∗ + yP (apex
condition: vY = 0), where yP is a small deviation of magnitude 0.001 m and
0.05 m. The horizontal velocity vX is adapted such that the system energy re-
mains constant. Now the slope can be calculated approximately as the difference
quotient s =

(
yi+1 − y∗

)
/yP .

Control strategy: The swing-leg control, proposed here, intends to adapt the
leg parameters leg angle α and leg stiffness k during the second half of flight
phase, starting at the instant of apex tA . The parameters will be adapted using
constant rates of change α̇ and k̇

α(t) = αA + α̇ · (t − tA) (3)
k(t) = kA + k̇ · (t − tA). (4)

The parameters at apex αA and kA are chosen such that for given rates the touch-
down values αTD and kTD equal the constant parameters of a previously found pe-
riodic solution αA = αTD−α̇ ·tF/2 and kA = kTD− k̇ ·tF/2, respectively. The time
tF/2 corresponds to the duration remaining from apex to touch-down obtained
from the apex height yA of the periodic solution (tF/2)2 = 2/g (yA − l0 sinαTD).
The swing-leg control ends at touch-down and during stance the leg stiffness is
constant kTD .

3 Results

We first have to find steady state running for a given parameter set. The apex
heights of periodic running are mapped for a constant leg stiffness k and a
number of system energies E in Figure 2(a), and for varying stiffness at one
energy level in Figure 2(b). Many solutions for cyclic running result for given
energies or given leg stiffness. In both cases an adequate angle of attack can be
found to achieve equal apex heights of two subsequent steps. With increasing leg
angles a lower system energy (Figure 2(a)) or a higher leg stiffness (Figure 2(b))
is needed to achieve a periodic solution at the same apex height. It also becomes
clear that, aiming at constant apex height, the duration of the flight phase
lenghtens with leg softening (Figure 2(b)).

To demonstrate results for the proposed swing-leg strategies, one solution of
periodic running has been selected. We choose a reference velocity of 2.5 m/s
and a leg stiffness of 20 kN/m, typically observed in human running [3]. Then we
calculate the apex height and angle of attack such that the time tF/2 remaining
from apex to touch-down is 50 ms (see Table 1). This solution is found to be
unstable without control, with a slope s greater than one (s = 1.69).

Figure 3 shows not only one but many combinations of stiffness change and
retraction leading to superstable running (s = 0)) for small perturbations. More-
over, a linear relationship between both parameters is found. The control strate-
gies k̇ and α̇, are replaceable since a rate of stiffness change exists for zero leg
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Figure 2. Apex heights of steady state running solutions in the spring-mass model: (a)
for constant leg stiffness kTD and various system energies E (represented by reference
velocities vX,REF), and (b) for constant system energy E. Each point on the thick lines
represents a fixed point in the apex return map. The thin lines in (b) show the apex
height corresponding to the time tF/2 remaining from apex to touch-down. During this
time the advanced swing-leg control is applied.

rotation (α̇ = 0) resulting in a superstable running pattern and vice versa. We
call these values the optimal rate of stiffness change k̇OPT , respectively optimal
speed of leg rotation α̇OPT (see Table 1 for numerical values).

Beside the optimal control, it is important to know how accurately the swing-
leg control has to be tuned for adequate stabilization. Herefore, we demand the
resultant slope to lie within s = (−0.5, 0.5). Thus, a small perturbation will be at
the worst bisected after one running step. Figure 3 shows the resultant region of
moderate control settings which lies left and right along the line for superstable
control. This region linearly widens with increasing change of stiffness and in-
creasing leg retraction speed. The width of the mentioned s = (−0.5, 0.5) region
is found to be relatively large (e.g. for k̇ = k̇OPT/2 the leg should retract with
a speed α̇ between 19 and 79 deg/s). Hence, the swing-leg controller does not
need to be specifically adjusted for stable running.

The swing-leg control is also tested for larger perturbations, yP = 0.05 m
(Figure 3, dashed lines). For swing-leg retraction (α̇ > 0) similar results com-
pared to smaller perturbations can be observed, whereas for a protracting leg
the regions of stabilization differ from each other. We examine this difference
using the apex return maps shown in Figure 4. The solutions (b), (c), and (d)
are selected from the s = 0 line in Figure 3 and generate a dead-beat control for
small perturbations. The mappings (b) and (d) have a positive slope for higher
apices and longe distance from the diagonal, originating from control settings
with leg retraction. The mentioned properties of the return map are good to
stabilize large dirsturbances as exemplary shown in the mapping (d) where a
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Figure 3. Stability of one periodic running solution (first row in Table 1) dependent on
swing-leg control α̇ and k̇. The quality of stabilization is illustrated by the slope s near
the fixed point in the apex return map for small perturbations (thick solid lines) and
one larger disturbance (thick dashed lines). The top axis shows how large a negative
perturbation can be, dependent on leg rotation α̇, such that the runner doesn’t stumble.

perturbation of yP = 0.227 m (yi = 1.2 m) is compensated after three running
steps. The control for optimal change of stiffness (k̇ = k̇OPT and α̇ = 0) gen-
erates a negative slope for larger perturbations and the system could stumble
after one step. As shown in Figure 4(c), the basin of attraction for compensating
pertubations is very restricted compared to the solutions with leg retraction.
Hence, for stabilizing larger perturbations the single swing-leg strategies are not
exchangeable but a combination of both (d) produces advantageous stability in
running. Furthermore, the basin of attraction shifts to greater negative values of
perturbations with increasing retraction speed (see top axis in Figure 3). Since
the faster retraction starts with a smaller leg angle αA the ground clearance
increases and the stumble limit decreases to lower apices.

4 Discussion

In this paper, we proposed a conceptual method for stabilizing running and
tested it with the spring-mass model. The method is divided into two parts,
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Figure 4. Return maps of the apex height yi+1(yi) for the same periodic running
solution (first row in Table 1) and some swing-leg strategies. The graphs correspond to
the parameter combinations selected in Figure 3.

the swing-leg retraction and the stiffness adaptation, which are both suffient for
stabilization of existing periodic running solutions. We have shown that the leg
retraction is not a unique method while it seems to be essential for successful
legged locomotion [6]. However, in experiments on human running [5] a mean
retraction speed of α̇ = 44 deg/s has been measured which is much lower than
the model predicted values for optimal stabilization (α̇OPT = 77 − 104 deg/s) at
related conditions. This let us assume that further control strategies are used to
improve locomotion. The change of leg stiffness during flight could be one of them
where a dead-beat control can be observed for small perturbations. Although, the
stiffness adaptation alone is largely limited in compensating disturbances, in a
combined control it might help to reduce the required rotational speed (Figure 3).
Assuming a non-massless leg, the running system could then be stabilized with
a lower amount of forces and probably higher energy efficiency.

The proposed control strategy intends to adapt the leg stiffness during flight
with the leg becoming softer with increasing flight time. However, the stiff-
ness adaptation, respectively the leg softening, could also be done during stance
phase. This possibility was discovered in segmented legs as passive built-in mech-
anism resulting in improved stability compared to the spring-mass model [7].



Table 1. Selected periodic running solutions and parameters for optimal swing-leg
control and limitations. The last row contains human data [5].

properties of the periodic solution swing-leg control

vX,REF tF/2 yA kTD αTD α̇MIN α̇OPT α̇MAX k̇MIN k̇OPT k̇MAX

[m/s] [ms] [m] [kN/m] [deg] [deg/s] [kN/(m·s)]
2.5 50 0.973 20 73.8 44 77 129 -154 -119 -84

2.5 100 1.015 20 75.1 62 104 159 -249 -191 -132

5.0 50 0.940 20 68.1 -24 -9 22 -17 11 39

5.0 100 0.968 20 66.8 2 27 60 -67 -35 -3

2.7 23 1.017 25 73.7 9 44 79 n/a

The here investigated model is limited in compensating negative perturba-
tions, respectively running a step upward (Figure 4). If a running system has to
deal with very uneven ground it could choose a periodic solution with a higher
apex enhancing the ground clearance. However, since the rate of changes of the
leg parameters need to be higher (Table 1), this option might be disadvantagous.
Another possibility for successful running on largely uneven ground was exper-
imentally observed as the adaption of leg length [8,9]. Taken into account that
the nominal length of a segmented leg is an easy changeable parameter, a length
adjustment of the leg could also enhance running stability. Investigations on this
topic remain for future studies to further advance the swing-leg control.
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